The charges for parking a car in a short-term car park at an
Airport are given in the table shown alongside.

There is an obvious relationship between time spent and the
cost. The cost is dependent on the length of time the car is
parked.

Looking at this table we might ask: How much would be
charged for exactly one hour? Would it be $5 or $9?

To make the situation clear, and to avoid confusion, we
could adjust the table and draw a graph. We need to indicate
that 2-3 hours really means for time over 2 hours up to and
including 3 hours ie., 2 <t<3.

So, we

now have Car park charges

Period Charge

0 <t <1 hours $5.00
1 <t <2 hours $9.00
2 < t < 3 hours $11.00
3<t<6hours | $13.00
6 <t <9 hours $18.00
9 < t<12hours | $22.00
12 <t € 24 hours | $28.00

Car park charges
Period (h) Charge
0 - 1 hours $5.00
1 - 2 hours $9.00
2 - 3 hours $11.00
3 - 6 hours $13.00
6 - 9 hours $18.00
9 - 12 hours | $22.00

12 - 24 hours | $28.00

30 5
In mathematical terms, because we have a [ charge () )i T
relationship between two variables, time and
cost, the schedule of charges is an example 20 —
of a relation. o exclusion
A relation may consist of a finite number of o—o ® inclusion
ordered pairs, such as {(1,5), (-2,3), 10 oot
(4, 3), (1,6)} or an infinite number of or-
dered pairs. i
time (7)
V3 6 9 12 15 18 21 24

The parking charges example is clearly the latter as any real value of time ( ¢ hours) in the

interval 0 <t <24 is represented.

The set of possible values of the variable on the horizontal axis is called the domain of the

relation.

For example: e {t: 0 <t <24} is the domain for the car park relation

e {-2,1,4} isthe domainof {(1, 5), (-2, 3), (4, 3), (1, 6)}.
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18 (C hapter

Forexample: o =32 — 1 is a function, as for any value of z there is only one value
of ¥

e =192 isnot a function since if = = 4, say, then y = 42.

Geometric Test (“Vertical Line Test”):

If we draw all possible vertical lines on the graph of a relation,
the relation: DEMO

e is a function if each line cuts the graph no more than once
e is not a function if one line cuts the graph more than once.

=V
=

a function a function not a function

GRAPHICAL NOTE

e If a graph contains a small open circle end point such as ——o , the end point is
not included.

o If a graph contains a small filled-in circle end point such as ——s , the end point
is included.

e If a graph contains an arrow head at an end such as —— then the graph continues
indefinitely in that general direction, or the shape may repeat as it has done previously.

EXERCISE 1A

Which of the following sets of ordered pairs are functions? Give reasons.
1, 3), (2, 4), (3, 5), 4, 6) (1,3),3,2),d, 7D, (-1, 4
(2, -1), (2, 0), (2, 3), (2, 1D (7, 6), (5, 6), (3, 6), (—4, 6)
0, 0), (1, 0), (3, 0), (5, 0) 0, 0), (0, —2), (0, 2), (0, 4)
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x can take all values except z = 2.
So, the domain is {x: = # 2}.
Likewise, the range is  {y: y # 1}.

ix:2

The domain and range of a relation are best described where appropriate using interval
notation.

V
For example: r The domain consists of all real
x such that © > 3 and we
write this as
2
(3,2) {z:2z >3}
x |
v g domain - the set of all . such that

Likewise the range would be {y: y > 2}.

} profit ($) For this profit function:
1009 e the domainis {x: z >0}
range | o therangeis {y: y < 100}.
Y
A items made (x)
TI - W—\ = domuh:

Intervals have corresponding graphs.

For example:

{z: >3} or [3, oof is read “the set of all = such that z is greater than or equal
to 3” and h ber li h
0 3” and has number line grap B g_, -
{z: z <2} or ]—o0, 2[ has number line graph .7‘—% > X
{#: -2 <2 <1} or]-2,1] has number line graph - g——$ x

{z: <0 or z >4}
e, ]—oo, 0] or 14, oof has number line graph - 0 Y

Note: - i :

#—  for numbers between a and b we write a <z <b or ]a,b[.

for numbers ‘outside’ a and b we write T <a or x > b
ie., ]—oo, al or ]b, oof.

b,
a b
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_‘1‘+4 i 3 9.2 u _ 3r—9
g yﬁq‘_2 mooy=2"—-3x° -9z + 10 i y*—aﬂ—m~2
y=u?+a? k y:xS—l—;g i oy=a*+42° — 16243

FUNCTION NOTATION

Function machines are sometimes used to illustrate_how functions behave.

For example: b

So, if' 4 is fed into the machine,
W 11 double the 2(4)4+3 =11 comes out.

input and

— 2 +3
The above ‘machine’ has been programmed to perform a particular function.
If f is used to represent that particular function we can write;

b

[ is the function that will convert x into 2x + 3. A

\ e f
So, f would convert 2 into  2(2)+3 =7 and \ (\ ( Y \ \ ;/
—4 into 2(—4)+3= -5 Rt
This function can be written as: ‘ T, ¢
f: xr— 2¢+3 N
'L LS
function f “such that —— x is converted into 2z + 3

Two other equivalent forms we use are:  f(x) =20 +3 or y=2z+3
So, f(x) is the value of y for a given value of 7, ie., y= f(x).

Notice that for f(x) = 2z + 3, f(2)=2(2)4+3=7 and
F(—4) = 2(~4) + 3 = -5.
Consequently, f(2) =7 indicates that the point
(2, 7) lies on the graph of the function.
Likewise f(—4) = —5 indicates that the
point (—4, —5) also lies on the graph.
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(Chapier 1) ) _ ll

5 If F(x) =2+ 32— 1, find in simplest form: r
a F(,’I? + 4) b F(2 — ilf) c F(—;[:) d }7(;172) e }‘j(Ll’rQ . l)

20+ 3

-4

a cvaluate 1 G(2) i G(0) i G(-1)

b find a value of & where G(x) does not exist

6 It Ga) =

¢ find G(x+2) in simplest form
d find z if G(x)= 3.

7 [ represents a function. What is the difference in meaning between f and f(u:)?
8 If f(z)=2% showthat f(a)f(b)= f(a+b).

9 Given f(2) =2 find in simplest form:
p

fla) ~ £(3) b S+ f2)
x—3 h

d

10 If the value of a photocopier ¢ years after purchase is
given by V(t) = 9650 — 860¢ dollars:

'q L.“-:( %\.
a find V(4) and state what V(4) means d"@}_;. __—
b find £ when V() = 5780 and explain what this g_ = -
represents ‘ -

¢ find the original purchase price of the photocopier. : -

11 On the same set of axes draw the graphs of three different functions f(z) such that

f(2) =1 and f(5) = 3.

12 Find f(z)=aw+b, alincar function, in which  f(2) =1 and f(—3)=11.

! .
13 Find constants a and b where (&) = ax + % and f) =1, f(2)=
qis

14 Given T(z) = aw® +br+e¢, finda, band ¢ if T0)=—-4, T(1) = -2 and
T(2) = 6.

FLUID FILLING FUNCTIONS

When water is added at a constant rate to a cylindrical container the depth

% of water in the container is a function of time.

DEMO This is because the volume of water

depth added is directly proportional to the time
taken to add it. If water was not added at

-7 a constant rate the direct proportionality

water

i T would not exist.

depth et

v . » The depth-time graph for the case of a
time

cylinder would be as shown alongside.
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COMPOSITE FUNCTIONS, fog

Given f: 2t f(x) and g¢: at— g(x), then the composite function of f and
g will convert x into f(g(z)).

fog is used to represent the composite function of f and g.
fogmeans f following g and (fo g)(x) = f(g(x)), 1te, fog: xi— flg(a)).

Consider f: z}— z* and g: z}— 2z+3.

DEMO
f og means that ¢ converts x to 2z + 3 and then
f converts (2z + 3) to (2z + 3)%.

This is illustrated by the two function machines below.

il
{
| ( g-function machine
L =
———————— 1 ﬁ
r I double & 7

il and then L
l add 3 | 2x+ 3 ‘

5

Iy + 3 I'raise a g |
] number to (LA A B
the power 4 i
1}
| _I (zx+3)4[_..
Algebraically, if f(x) =% and ¢(z) =22 +3, then S .
(feg)(x) = flg(2))
= f(2x+3) {g operates on z first}
= (22 +3)*  {f operates on g(x) next}
Likewise, (go f)(z) = g(f(z))
= g(z*) {f operates on x first} |
=2(xt)+3 {g operates on f(x) next} I
=224 43

So, in general, f(g(x)) # g(f(x)).

The ability to break down functions into composite functions is useful in differential calculus.

t = 2241 and g: z}— 3 — 4z find in simplest form:
(fog)(x) b (9o f)(z)
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x— 00, f(x)— 0 (above)
x— —o0, f(x)— 0 (below)

Fla) = L3 is asymptotic (approaches)
) l @
(o the w-axis and to the y-axis.

as y — oo, @ — 0 (right)
as y — —oo, x— 0 (left)

— reads approaches or tends to

EXERCISE 1E

1 4
1 Sketch the graph of f(x) = ~ g(v) = - h(x) = — on the same set of axcs.

=

Comment on any similarities and differences.

S 1
2 Sketch the graphs of f(x) = ——, g(x) = —

&

R

4 .
, h(z) = —= on the same sel of axes.
7

Comment on any similarities and differences.

F| INVERSE FUNCTIONS

A function y = f(x) may or may not have an inverse function.

If y = f(x) has an inverse function, this new function
e must indeed be a function, i.e.. satisty the vertical line test and it
e must be the reflection of i = f(2:) in the line y = .
The inverse function of 3 = f(a) is denoted by y = f~(z).
If (. y) lies on f. then (y, @) lies on f~'. So reflecting the function in y = @ has the
algebraic effect of interchanging 2 and . -
eg., f:y=5x+2 becomes f7!:uw=5y+2

For example, y=/(x) y = f1(x) is the inverse of

Vv
: J/’ . y=f(x) as
7 A 1 = e it is also a function

£ y=F "(x)
/ ] - e it is the reflection of y = f(x)
| ) in the oblique line y = w.

\ ' This is the reflection of y = f(x)
in y = x, but it is not the inverse

g function of y = f(x) as it fails the

r=f) o vertical line test.

/ We say that the function y = f(xx)

does not have an inverse.

y=f(x),x=0
Note: y = f(x) subjectto = >0

=h \ [ ] does have an inverse function.
7 v=f (x),y=0

Also, y = f(x) subject to
= 2 < 0 does have an inverse
function.
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Copy the graphs of the following functions and in each case include the graphs of
y=a and y = f'(z).
by b o < by

¢
5S¢ 5

l y (3,-6) —y— L

\
N

Sketch the graph of f: z |— 2% —4 and reflect it in the line y = .
Does f have an inverse function?

Does f where x > 0 have an inverse function?

Sketch the graph of f: x |— 2® and its inverse function f~1(z).

The ‘horizontal line test’ says that:
Jor a function to have an inverse function, no horizontal line can cut it more than once,

Explain why this is a valid test for the existence of an inverse function.
Which of the following functions have an inverse function?

i 3 i

I
= |k 3
-+ e -

Consider f: z+— x? where z > 0.
a Find f~1(z).
Sketch y = f(z), y == and y = f~'(z) on the same set of axes.

m i

f isdefinedby y=2z2 z>0 y=x2,x0
F1is defined by = =2, y >0 < .
y==xvz, y=0 yEN

e, y=+Z < £ . 5
{as —/z is < 0} :

¥
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EXERCISE 1G
For f(z) =3z +1, find f~'(z) and show that (fo f~')(z)=(f"'o f)(z) ==

For f(z) = %ﬁ, find f~'(x) and show that (fo f~1)(z)=(f 1o f)(z) ==
For f(z)=+/z, find f~'(x) and show that (fo f~)(z)=(f"'o f)(z) = =.
y P a8 B is the image of A under a reflection in the

line y = .
If Ais (z, f(z)), what are the coordinates of
B under the reflection?

* b Substitute your result from a into y = f~!(z).
What result do you obtain?
y=f(x) ¢ Explain how to establish that f(f~!(z)) ==
also.

1 Draw a graph to show what happens in the following jar-water-golf ball situation:

Water is added to an empty jar at a constant rate for two minutes and then one golf ball
is added. After one minute another golf ball is added. Two minutes later both golf balls
are removed. Half the water is then removed at a constant rate over a two minute period.

2 If fz)=2z—2* find: a f(2) b f(-3) J f(=1)

3 For the following graphs determine:
i the range and domain i the x and y-intercepts ili  whether it is a function.

a Ay b Ly
ot
“ i =X
. A . -4
—1\[ 5 |
_a” -3
v e-s v
4 For each of the following graphs find the domain and range:
G o Y 3,2)
*—>
[¢—o (3, 1)
- @ -

Q—T—l
5 If h(z)=7-3z:

a find in simplest form h(2z—1) b findzif h(2z—1)= -2

6 If f(z) =ar+b where a and b are constants, find a and b for f(1) = 7 and
£(3)= 5.
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34 FUNCTIONS (Chapter )

5 Copy the following graphs and draw the graph of each inverse function:

« b
. v y

o

. 3-5
6 Find f~'(z) giventhat f(z) is: a 4dr+2 b i z

7 Copy the following graphs and draw the graph of each inverse function:
a 3% b

- >

8 Given f(z)=2r+11 and g(z)=2% find (go f1)(3).
9 Consider z}— 2z —7.

@ On the same set of axes graph y =z, f and f~!.

b Find f~'(x) using coordinate geometry.

¢ Find f~'(x) using variable interchange.

10 Sketch the graph of g: z - 2?46z + 7.

Explain why g for z < —3 has an inverse function al
Find algebraically, the equation of g~
Sketch the graph of g—1.

Q n T o

11 Given h: z}— (r—4)>+3 where =>4, find the defining equation of A~

12 Given f: z}— 3z+6 and h: T - g, show that
(ftoh ™) (@) = (ho )~ (x).




